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MODULI SPACES OF MEROMORPHIC CONNECTIONS, 
QUIVER VARIETIES, AND INTEGRABLE 
DEFORMATIONS 

KAZUKI HIROE 


Abstract. This is a note in which we first review symmetries of moduli 
spaces of stable meromorphic connections on trivial vector bnndles over 
the Riemann sphere, and next discuss symmetries of their integrable 
deformations as an application. In the study of the symmetries, a re¬ 
alization of the moduli spaces as quiver varieties is given and plays an 
essential role. 


Introduction 

This note is designed to review symmetries of moduii spaces of meromor¬ 
phic connections on triviai vector bundies over and give an appiication 
of these symmetries for their isomonodromic deformations. In the series of 
works by Okamoto [30], it was ciarihed that Painieve equations have affine 
Weyi group symmetries. After these pioneering works, many studies about 
symmetries of Painieve type equations are successfuiiy deveioped in connec¬ 
tion with the aigebraic geometry, representation theory of affine Lie aigebras 
and so on (see Noumi and Yamada [29], Sakai [32], Sasano [M] and their 
references for instance). On the other hand, the recent work of Kawakami, 
Nakamura and Sakai [21] suggests that many known Painieve type equations 
are uniformiy obtained from isomonodormic deformations of iinear ordinary 
differentiai equations. In this note, inspired by their work, we shall intro¬ 
duce a study of symmetries of isomonodromic deformations from those of 
moduli spaces of meromorphic connections. 

In the hrst section we shall explain some relationship among moduli spaces 
501(B) (see ill.41 for the definition) of stable meromorphic connections on 
trivial bundles with at most unramihed irregular singularities over P^, quiver 
varieties 9K^°®(Q, a) (see lil.3p and integrable deformations. One of the most 
remarkable facts which will be introduced there is the following. 

Theorem 0.1. For any moduli space 901(B), there exists a quiver Q, a 
dimension vector a and a complex parameter A such that we have an open 
embedding 

901(B) -A 90T);"®(Q,a). 

Here the embedding is an isomorphism if the number of irregular singular 
points is less than or equal to 1. This embedding is found by Crawley-Boevey 
[6] when all singular points are regular singular, by Boalch [3] and Yamakawa 
with the author |15j when only one singular point is irregular singular and 
the others are regular singular, and by the author m for general cases. 
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From the geometry of quiver varieties, the above embedding leads us to 
a natural proof of the fact: 

Theorem 0.2. The moduli space 9Jt(B) has a structure as a connected 
complex symplectic manifold. 

Compare with the results by Boalch [2] and Inaba-Saito [16], etc. This 
fact should be essential for the theory of isomondromic deformations because 
it is believed that isomonodromic deformations should have descriptions as 
Hamiltonian systems over the moduli spaces. 

Also we can determine the condition under which the moduli spaces are 
nonempty. 

Theorem 0.3. The explicit necessary and sufficient condition for iM(B) ^ 0 
is determined by means of the root system of the quiver Q. 

The above fact is also called a additive Deligne-Simp son problem, see 
Rostov |25| , Crawley-Boevey [6] , Boalch |3| , Yamakawa with the author |15] 
and the author m , etc. 

Further, there is another advantage of this realization of moduli spaces 
as quiver varieties, which shall be explained in the second section. Namely, 
quiver varieties naturally have Weyl group actions generated by the reflec¬ 
tion functors. Thus we can translate these Weyl group symmetries of quiver 
varieties to those of the moduli spaces. On the other hand, the moduli 
spaces themselves have symmetries generated by middle convolutions. Thus 
we shall compare these symmetries of middle convolutions and of quivers. 
Afterward, the orbits under these Weyl groups are in our interest. It will be 
shown that a kind of a finiteness of the fundamental domains under these 
actions: 

Theorem 0.4. If we fix the dimension of moduli spaces, then there exist 
only finite numbers of fundamental spectral types (see Definition \1.30\) of 
moduli spaces. 

This was proved by Oshima m when all singularities are regular sin¬ 
gular and by Oshima and the author [T3] for general cases. We also give 
the classifications of fundamental spectral types of dimension 2 and 4 for 
example. 

Finally we shall translate the symmetries of moduli spaces into those of 
isomonodromic deformations. Namely, Haraoka and Filipuk [T0| showed 
that deformation equations of isomonodromic deformations of linear Fuch- 
sian differential equations are invariant under middle convolutions. This the¬ 
ory is generalized for isomonodormic deformations of irregular singular dif¬ 
ferential equations by Boalch |1| and Yamakawa m- As a corollary of these 
facts, it will be shown that there exists fundamental domains of isomon¬ 
odromic deformations under the action of middle convolutions. Moreover 
we shall see the finiteness of spectral types of fundamental isomonodromic 
deformations of a fixed dimension and the classifications of them for lower 
dimensional cases. As an application of these, it will be shown that the 
spectral types appeared in the paper of Kawakami-Nakamura-Sakai |2T| in 
which they considered confluences of 4-dimensional isomonodromic defor¬ 
mations is the complete list of fundamental spectral types of dimensional 4, 
and moreover we classify their Weyl group symmetries explicitly. 
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We should mention related previous works. In [39], Yamakawa gave an¬ 
other realization of moduli spaces as generalized quiver varieties associated 
with non-symmetric root systems and clarified the symmetries of moduli 
spaces from his quivers. In [3], Boalch gave a formulation of isomonodromic 
deformations as Hamiltonian systems on quiver varieties and studied the 
symmetries of them though he only considered meromorphic connections 
with only one irregular singular point and an arbitrary number of regular 
singular points. In this note we do not deal with Hamiltonian equations 
of isomonodromic deformations directly. However our study of the sym¬ 
metries of isomonodromic deformations of meromorphic connections with 
general unramified irregular singularities should induce the symmetries of 
their Hamiltonian equations. Also our study after these works will shed a 
light over the importance of quiver varieties for the study of isomonodromic 
deformations. 

1. Moduli spaces of meromorphic connections, quiver varieties 


AND INTECRABLE DEFORMATIONS 


For a commutative ring i?, M(n,R) denotes the set of n x n matrices 
with coefficients in R and GL(n,i?) C M(n,R) consists of invertible ele¬ 
ments. The sheaves of holomorphic functions and meromorphic functions 
on a complex manifold X are written by Ox and A4x respectively. In par¬ 
ticular when Y = we write O = Opi and A4 = Afpi for short. Let 
us denote the ring of convergent (resp. formal) power series of 2 ; by Cjz} 
(resp. C[2;]). Their total quotient fields are written by C{{2;}} and C((2;)) 
respectively. 

In this section we first give a quick review of meromorphic connections on 
vector bundles over and their relation with systems of first order linear 
ordinary differential equations defined on P^. Next we introduce moduli 
spaces of stable meromorphic connections on trivial vector bundles over P^ 
and give their realizations as quiver varieties. Finally we consider integrable 
deformations of connections in these moduli spaces. 

1.1. Gauge equivalences of differential eqnations. We recall gauge 
transformations of systems of first order linear ordinary differential equations 
defined locally on P^ and moreover recall Hukuhara-Turrittin-Levelt normal 
forms of local differential equations under formal gauge transformations. 

Let U be an open subset of P^ and 2 : a local coordinate on U. 

Definition 1.1 (gauge transformation). For a linear differential equation 


with A € M{n,M.{U)) and X G GL(n, Al(f7)), we define a new differential 
equation = BY by 



We call B the meromorphic gauge transformation of A by Y and write 
B =: Y[A]. In particular if Y G GL(n, 0{U)), we say the holomorhic gauge 
transformation. 
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Here we note that if a vector H is a solution oi -^Y = AY then Y = XY 
is a solution of -^Y = BY for B = X[H]. 

Let us take a ^ U and choose a local coordinate z which is zero at a. Then 
the stalks Oa and Ma at o can be identified with C{z} and C{{ 2 :}}. We can 
similarly define holomorphic and meromorphic gauge transformations of a 
local differential equation -^Y = AY with A € M(n, Ada). In this case we 
can moreover define formal gauge transformations, namely we say X[A] is 
the formal holomorphic gauge transformation of H by X if X E GL(n,C[ 2 :]) 
and formal meromorphic gauge transformation if X E GL(n, C(( 2 ;))). 

For a local differential equation -^Y = AY with A E M(n,C((z))), it is 
known that there exists a normal form under the formal meromorphic gauge 
transformations as follows. 


Definition 1.2 (Hukuhara-Turrittin-Levelt normal form). By Hukuhara- 
Turrittin-Levelt normal form or HTL normal form for short, we mean an 
element in M{n,C([z))) of the form 

diag {qi{z~^)Ini + Riz~^,.. ■,qmiz~^)Inm + RmZ~^) 

where qi{s) E s^C[s] satisfying qi ^ qj if i ^ j, and Ri E M{ni,C). 

The following is a fundamental fact of the local formal theory of differen¬ 
tial equations with irregular singularities. 

Theorem 1.3 (Hukuhara-Turrittin-Levelt, see |36] for instance). For any 
A E M(n,C((z))), there exists a field extension C((t)) D C((z)) with F = z, 
r E Z>o and X E GL(n, C((f))) such that X[A] is an HTL normal form in 
Af(n,C((t))). We call this X[A] the normal form of A. 


In the above theorem, we may assume the field extension is minimal, i.e., 
r = min|s normal form X[A] E M(n,C(( 2 ;s)))| . 

Then the normal form 

diag {qi{t~^)Ini + Rit~^, ■ ■ ■ ,qmit~^)Inm + Rmt~^) 

of A is unique up to permutations of {gj(t)I„. and replacing 

Ri for Ri + aln- with a E -Z,. 


1.2. Meromorphic connections. Let us recall the notion of meromorphic 
connections and see their relationship with differential equations. For / = 
ZlS-oo Hz’’ E C((2;)), the order is 

ord(/) := min{i | a* ^ 0}. 

If / = 0, we formally put ord(/) = oo. For a meromorphic function / 
locally defined near a E we denote the germ of / at o by fa- We may 
see fa E C{{za}} C C((za)) by setting Za = z — a if aGC and Za = 1/z if 
a = oo where we take z as the standard coordinate of C. Then define 

orda(/) := ord(/a). 

For a meromorphic 1-form uj defined on P^, the order orda(w) can be defined 
as follows. Set Ui = P^\{oo} and U 2 = P^\{0}. Let Zi be coordinates of Ui, 
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i = 1,2, such that 2;i(0) = 2 : 2 ( 00 ) = 0 and 2:2 = 1 / 2:1 in Ui fl C/ 2 - Then there 
exist meromorphic functions fi on Ui such that 

uj = fi dzi 


on Ui for i = 1, 2. Here we note that 

= -/2 (1/2:1) 

for 2:1 G C/i n C /2 = C\{0}. Then define 

orda(a;) := orda(/j) 


for a G C/j, i = 1, 2. 

Let us fix a collection of points oq, - - -, Op G and set S := feoflo + ■ ■ ■ + 
kpQp as an effective divisor with ko,... ,kp > 0. For a G let S{a) be the 
coefficient of a in S, i.e.. 


S{a) 


ki if a = Oj for i = 0,... , p, 
0 otherwise. 


For an open set U C P^ we define Qs{U) to be the set of all meromorphic 
1-forms cu on C/ satisfying orda(a;) > —S{a) for any a G U. This correspon¬ 
dence defines the sheaf fls by the natural restriction mappings. 

Let T be a locally free sheaf of rank n on P^, namely a sheaf of O-modules 
satisfying that for any a G P^ there exists an open neighbourhood F C P^ 
such that 8\v — We may sometimes regard T as a holomorphic vector 

bundle over P^. 


Definition 1.4 (meromorphic connection). A meromorphic connection is 
a pair (£", V) of a locally free sheaf £ and a morphism V: T —>■ T <8: £ls of 
sheaves of C-vector spaces satisfying 

V(/s) = df (8 s + / (8 V(s) 
for all / G 0{U), s G £{U) and open subsets C/ C P^. 

Let C/ C P^ be an open subset which gives a local trivialization of £ and 
2 : a local coordinate of U. Then if we fix an identification £\ij = 0'^\u, 
we can write V = d — Ad 2 :byAG M{n,M.{U)) on U. Note that if we 
write V = d — A' dz hy another identification £\u — \ jj , then A' can be 

obtained by a holomorphic gauge transformation of A, namely there exists 
X G GL{n,0{U)) such that 

A' = A[A]. 

Thus we may say that (£,V) defines a holomorphic gauge equivalent class 
of a local differential equation 


on U C P^. 

In particular, suppose that £ is trivial, i.e., £ = O” and set Ui = P^\{oo} 
and U 2 = P^{0} as before. Then if we fix a trivialization £ = O^, we 
have V = d — A( 2 :i)d 2 :i on Ui with A(zi) = (aij(zi))ij=i^,,,^n & M{n,C{z)) 
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satisfying orda(aij) > —S{a) for all a G Ui. Similarly on U 2 we have 
V = d — B{z 2 )dz 2 - Since S is trivial, 

A{zi)dzi = B{z 2 )dz 2 on Ui D C/ 2 . 


Namely, 


Biz2) = - 


A{\Iz2) 


This is nothing but the coordinate exchange t = \ for a differential equation 


= A(.)Y ^ -t^lY = Amr- 

Thus a meromorphic connection (T,V) with a trivial bundle £ on 
corresponds to a meromorphic differential equation -^Y = AY with A = 
^ M{n,C{z)) satisfying orda(aij) > —S{a) for all a G and 
vice versa. This correspondence is unique up to the choice of T = O", i.e., 
GL(n, C)-action. 


1.3. Quiver varieties. In this subsection we shall introduce quiver vari¬ 
eties which are defined by symplectic reductions of representation spaces of 
quivers. 


1.3.1. Complex symplectic manifold and symplectic reduction. Before seeing 
the definition of quiver varieties, let us recall complex symplectic manifolds. 

Definition 1.5 (complex symplectic manifold). Let M be an even dimen¬ 
sional complex manifold and ui a closed nondegenerate holomorphic 2-form 
on M. Then oj is called a symplectic form on M and the pair (M, uj) is called 
a complex symplectic manifold. 

Example 1.6 (cotangent bundle of C”). Let us see that the holomorphic 
cotangent bundle of is a complex symplectic manifold. Since 

T*C^ = X (C^)*, the coordinate system (zi,..., Zn) of and the dual 
coordinate (^ 1 ,... ,^n) of (C'^)* defines a coordinate system of T*C"'. Then 
the 2-form of T*C'^ defined by 

n 

u) := dzi A df^i 
i=l 

is closed since u = —da, 

n 

a := '^iidzi. 
i=l 

This OJ is called the canonical symplectic form of T*C". 

Let us define a moment map on {M,oo). Suppose that M has an action 
of a complex Lie group G. Let g be the Lie algebra of G and g* the dual 
vector space of g. Let us denote the exponential map by 

exp: g — G. 

Then any ^ G g defines the holomorphic vector field G TM by the action 
of the one parameter subgroup 

m I—>■ exp (—■ m m G M, f G M. 

Then a moment map is dehned as follows. 
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Definition 1.7 (moment map). Let {M,u}) be a complex symplectic man¬ 
ifold with a G-action as above. Then a G-equivariant map 

ix: M —^ g* 

is called moment map if it satisfies 

for all n G TM. Here ( , ): g x g* —)■ C is the canonical pairing. 

If we assume that the action of G is free and proper, namely stabilizers 
in G of m are trivial for all m G M and the action map 

G X M —> M X M 
{g,m) 1 —^ {g-m,m) 

is a proper map. In this case it is known that the homogeneous space 
M/G becomes a manifold. Let us take ^ G (g*)^, G-invariant under the 
coadjoint action, and consider Then //“^(^)/G becomes a complex 

manifold and moreover has a symplectic form w defined as follows. For 
p G /i“^(^)/G and G Tp(/i“^(^)/G), take p G 7r“^(p) , the inverse 
image of the projection vr; —)• /i“^(^)/G, and u, u G Tpix~^{^) so that 

(vr*)p(u) = u and (7r*)p(u) = v_. Here tt* ; > T{g~^{^)/G) is the 

differentiation of vr. Then we define ^p{u,v) := Ldp{u,v). It can be shown 
that w is well-defined because /x is a moment map. 

Definition 1.8 (symplectic reduction, Marsden-Weinstein reduction). The 
symplectic manifold (lx“^(^)/G, w) is called a symplectic reduction oy Marsden- 
Weinstein reduction of (M, uo) under the action of G. 

Sometimes we drop the assumption that the action of G is free and proper, 
and call ii~^{^)/G a symplectic reduction too though it may have singular¬ 
ities. 

1.3.2. Representations of quiver and quiver variety. Now let us recall repre¬ 
sentations of quivers 

Definition 1.9 (quiver). A quiver Q = (Qo,Qi,s,t) is the quadruple con¬ 
sisting of Qo, the set of vertices, and Qi, the set of arrows connecting vertices 
in Qo, and two maps : Qi —)■ Qo, which associate to each arrow p G Qi 
its source s{p) G Qo and its target t{p) G Qo respectively. 

Definition 1.10 (representation of quiver). Let Q be a finite quiver, i.e., Qo 
and Qi are finite sets. A representation M of Q is defined by the following 
data: 

(1) To each vertex a in Qo, a finite dimensional C-vector space Ma is 
attached. 

(2) To each arrow p; a —)■ 6 in Qi, a C-linear map Xp: Ma —)■ Mi, is 
attached. 

We denote the representation by M = {Ma,Xa)a&Qo,aeQi- The collection 
of integers defined by dim M = (dimcMa)agQ(, is called the dimension vector 
of M. 
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For a fixed vector a G (Z>o)®°, the representation space is 
Rep(Q,f/,a) = 0 Homc(V;(p), V;(p)), 

peQi 

where V = (Fa)aeQo ^ collection of finite dimensional C-vector spaces with 
dime Fa = «a- If Fa = C"“ for all a G Qo, we simply write 

Rep(Q,a) = 0 Homc(C“»W, C“*W). 
peQi 

To each (xp)pgQ^ G Rep(Q,F, a), the representation (Fa, Xp)aGQo,pGQi as¬ 
sociates. Thus we may identify (xp)pgQj with (Va, Xp)aeQo,peQi- 
The representation space Rep(Q,F, a) has an action of OaeQo 
For (xp)peQi G Rep(Q,F,a) and g = {go) G llaGQo GL(Fa), 

{xp)p€Qi e Rep(Q,F,a) consists of Xp = gt{p)Xpg~(^^ G Homc(F^(p), Ft(p)). 

Let M = (Ma,x^)aGQo,peQi and N = {Na,x^)a<=Qo,peQi be representa¬ 
tions of a quiver Q. Then N is called the subrepresentation of M if we have 
the following: 

(1) There exists a direct sum decomposition Ma = Na © iV^ for each 
a G Qo- 

(2) For each p: a ^ b ^ Qi, the equality x^l^a = ^p holds. 

In this case we denote N <Z M. Moreover if 

(3) for each p; a —)■ 6 G Qi, we have x^ \k ^ 

then we say M has a direct sum decomposition M = N Q) N' where N' = 
i^ai^p lAfOaGQoiPGQl • 

The representation M is said to be irreducible if M has no subrepresen¬ 
tations other than M and {0}. Here {0} is the representation of Q which 
consists of zero vector spaces and zero linear maps. On the other hand if 
any direct sum decomposition M = N (£> N’ satisfies either N = {0} or 
N' = {0}, then M is said to be indecomposable. 

Let us recall the double of a quiver Q. 

Definition 1.11 (double quiver). Let Q = (Qo, Qi) be a finite quiver. Then 
the double quiver Q of Q is the quiver obtained by adjoining the reverse arrow 
p*: 6 —)• a to each arrow p: a ^ b. Namely Q := (Qo := Qo, Qi := Qi U Q*) 
where Qj; := {p*: t{p) —> s(p) | p G Qi}. 

Let us note that for each p G Qi we can identify 

Homc(C“»('>),C“*W)* ^ Homc(C“»('>‘),C“‘(^‘)) 

by the trace pairing. Thus the representation space Rep(Q, a) can be iden¬ 
tified with the cotangent bundle 

r*Rep(Q,a) = Rep(Q,a). 

In this case the canonical symplecitc form is given by 

^{x,y) = ^ (tr(xpyp*) -tr(xp*yp)). 
peQi 
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Thus we can see Rep(Q, a) as a complex symplectic manifold with the action 
of 

G := H GLK,C). 

aGQo 

Then the following map is a moment map; 

Rep(Q,Q:) ^ M{aa,C) 
aSQo 

whose images {fJ-aix)a)aeQo are given by 

fj-a{x)a = ^ XpXp* - ^ Xp*Xp. 
peQi peQi 

t(p)=a s{p)=a 

Now we are ready to define quiver varieties. 


Definition 1.12 (quiver variety). Let us take a collection of complex num¬ 
bers A = (Aa) € C^°. Then a quiver variety is the symplectic reduction 

fOTA(Q,a) :=^-HA)/G. 

Note that we can regard Tlx{Q, a) as the affine quotient SpecmC[/i“^(A)]‘^ 
by the theory of Kempf-Ness [22] and Kirwan |24] . Here C[/r“^(A)] is the 
coordinate ring of /i“^(A). 

Since this variety might has singularities, we moreover consider the regular 
part of this variety defined as follows. 

Definition 1.13. We say that x G Rep(Q,a) is stable if 

(1) the orbit G • x is closed, 

(2) stabilizer of x in G/C^ is finite. 

Here we note that the diagonal subgroup C G acts trivially on 
Rep(Q, a). 

It is known that the stability of x assures that the morphism 

cJa,: G —^ Rep(Q,a) 

9 '—^ 9-x 

is proper. 

In our case moreover the stability can be rephrased by the irreducibility 
of representations. 

Theorem 1.14 (King [23]). x G Rep(Q,Q!) is stable if and only if x is an 
irreducible representation. 


Thus let us consider the (possibly empty) subspace 

/i“^(A)'" := {x G I X is irreducible}. 

Then the action of G/C^ on this space is proper and moreover free (see 
King [23]). Thus the homogeneous space 

can be seen as a complex manifold with the symlpectic structure, i.e., a 
complex symplectic manifold. We call this manifold a quiver variety too. 
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Remark 1.15. The above quiver varieties are special ones of Nakajima 
quiver varieties which enjoy rich geometric properties and applications for 
representation theory and theoretical physics and so on (see m for in¬ 
stance). 

1.3.3. Some geometry of quiver varieties. As we noted before, the complex 
symplectic manifold a) is possibly empty. Thus next we see a nec¬ 
essary and sufficient condition for the non-emptiness of a) obtained 

by Crawley-Boevey in [5]. 

In order to explain the condition, recall the root system of a quiver Q (cf. 
m)- Let Q be a finite quiver. From the Euler form 

(q;,/ 3) . ^ ^ ^ ^ ^s(p)/^t(p)? 

p^Qi 

a symmetric bilinear form and quadratic form are defined by 

(a,/?) := (a,/3) -|- (/3,a), 

q{a) := ^(a,a) 

and set p{a.) := 1 — q{a). Here a, (3 G 

For each vertex a € Qo, define (a G Qo) so that {ea)a = 1, 

{^a)b = 0, (6 € Qo\{a}). We call Cq a fundamental root if the vertex a has 
no edge-loop, i.e., there is no arrow p such that s{p) = t{p) = a. Denote 
by n the set of fundamental roots. For a fundamental root e^, define the 
fundamental reflection Sa by 

Sa(a) := a — (a, ea)ea for a G Z^°. 

The group W C AutZ^° generated by all fundamental reflections is called 
the Weyl group of the quiver Q. Note that the bilinear form (, ) is IT- 
invariant. Similarly we can define the reflection —>■ by 

. — Xfj (Caj ^b')^a 

for A G and a,b G Qq. Define the set of real roots by 

A" := U «,{n). 

wGW 

For an element a = (aa)aeQo ^ support of a is the set of Ca such 

that Ua / 0, and denoted by supp (a). We say the support of a is conneeted 
if the subquiver consisting of the set of vertices a satisfying Ca G supp (a) 
and all arrows joining these vertices, is connected. Define the fundamental 
set F C Z®° by 


F : = 


|a G (Z>o)^“\{0} I (a, e) < 0 for all e G H, support of a is connected| . 
Then define the set of imaginary roots by 

Ai“:= IJ w{FVJ-F). 


Then the root system is 


wGW 


A := A’’® U A" 
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An element A+ ;= a E A n (Z>o)^° is called a positive root. 

Now we are ready to see Crawley-Boevey’s theorem. For a fixed A = 
(Aa) E C^°, the set consists of the positive roots satisfying 

(1) A • a := YlaeQo ~ 

(2) if there exists a decomposition a = /3i + /32 + • • • , with /?* E A"*" and 

A • /3j = 0, then p{a) > p(/3i) + p{l32) H-• 

Theorem 1.16 (Crawley-Boevey. Theorem 1.2 in [5]). Let Q be a finite 
quiver and Q the double of Q. Let us fix a dimension vector a E (Z>o)^° 
and A E C^°. Then /i“^(A)*'’'’ C Rep(Q,a) is nonempty if and only if a ^ 
Furthermore, in this ease /x“^(A) is an irreducible algebraic variety and 
^-i(A)*rr dense in 

Moreover Crawley-Boevey showed the following geometric properties of 
quiver varieties. 

Theorem 1.17 (Crawley-Boevey Corollary 1.4 in [S]). If a £ T,x then the 
quiver variety OJtACQjCt) « reduced and irreducible variety of dimension 
2p{a). 

Combining these results, we have the following non-emptiness condition 
of regular parts of quiver varieties. 

Corollary 1.18 (Crawley-Boevey [S]). The quiver variety Tl^^{Q,a) is 
non-empty if and only if a £ T,x. Furthermore in this case, it is a connected 
complex symplecitc manifold of dimension 2p{a). 

1.4. Moduli spaces of stable meromorphic connections on trivial 
bundles. Let us define moduli spaces of meromorphic connections on trivial 
bundles following Boalch’s paper [2] (see also m)- 
Let 

B = diag(gi(z"^)/ni -F Riz~^,---qm{z~^)Inm + RmZ~^) £ GL(n,C((z))) 

be an HTL normal form. The equivalent class of B under formal holomorphic 
gauge transformations is 

Ob :={X[B] | X e GL(n, CH)} . 

Let us consider another equivalent class of B called the truncated orbit of 
B. We write B for the image of B by the projection 

M{n,C{{z))) M{n,C{{z))/Clzj). 

And define the truncated orbit of B by the adjoint action of GL(n, C[ 2 :]) on 
M(n, C((4/CIzl); 

Og":=Ad(GL(n,CIzl))(B). 

Let us note that 

i{X[B]) = i{XBX-^) + L (^-^X ■ X-^ 

= i{XBX-^) 

= XBX-^. 
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Thus i gives the well-defined map 

Under a good situation, we can moreover show the following. 


Proposition 1.19. If eigenvalues of Ri never differ by any integer for eaeh 
i = 1,... ,m, then 


r\Op) = Ob 


Proof. The Frobenious method (see [36] for instance) shows that if for A G 
M{n,C{{z))) there exists X G GL(n,C| 2 ;]) such that t(XAX~^) = B, then 
there exists X' G GL(n,C|z]) such that = B. □ 


For a meromorphic connection {E, V) on we write Va G Ob (resp. 
for a G if a local trivialization V = d — Adz near a satisfies A G 
Ob (resp. It is independent of choices of trivializations. Let S = 

feoflo + • • • + kpOp be an effective divisor on P^ as before. Define a set of 
meromorphic connections on P^ 


Triv 


(n) 

5 



£: trivial of rank n, 
X ■. £ ^ E ® Us 


We say {£, V) G Triv^^ is stable if there exists no nontrivial proper subspace 
W <Z CA such that the subbundle W := W 0 O C C"' 0 O = £ is closed 
under V, i.e., 

V(>V) C 

Let B = (Bo,..., Bp) G M{n,C{{z)))P~^^ be a collection of HTL normal 
forms satisfying ord(Bi) = ki for alH = 0,... ,p. Then the moduli space of 
stable meromorphic connections on trivial bundles is 



{£, V) G Triv^"^ 


{£, V): stable, 

Vq. G 0%^ for alH = 0,... ,p 


/GL(n,C). 


Here GL(n,C) = GL(n, 0(P^)) acts on Triv^^ as holomorphic gauge trans¬ 
formations. 

A Mobius transformation allows us to set oq = oo G P^. Then by a 
trivialization £ = O"' we can identify (£’,V) G Triv§ with a meromorphic 
differential equation defined on P^, 




{z - aiY 


2<u<kQ 


Y 


up to GL(n, C)-action, i.e., 

= A(z)Y ^ = gA(z)g-^Y' (g G GL(n,C)). 

The stability of (£’,V) corresponds to the irreducibility of the differential 
equation, namely, we say the above differential equation is irreducible if 
there is no proper subspace of C” other than {0} which is invariant under 

U\ 

all A)j , i = 0,... ,p, V = 1,..., /cj. Here we set 


p 



2=1 
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Thus we can regard S!Jt(B) as a moduli space of meromorphic differential 
equations on 


im(B) = 


P ki (i) 


^ 1 y: irreducible 

\i=l!y=li 2<u<ko I 


Jx 4^*) 1 / 

^ ^ G i = 0,... ,p, W GL(n, C). 


If we take another effective divisor S' = kobo + • • • + kpbp with the same 
ki as S, then we can identify Triv^^ and Triv^^ as follows. We may assume 
6o = oo by applying a Mobius transformation if necessary. Then replacing 
a* with bi in 

/ P ki (i) \ 

d- [yy i ^, + y gT r4") 

for i = 1,... ,p, we obtain an element in Triv^g 
Thus we may regard 

im(B) = 


{a. (A.q.)).,,,. nogr.,| l„}/gl(„.c) 

which is free from locations of a, in P^. Here 

k 

P^vesC^AjZ-^) := Hi. 


J=r 

For {£, V) G Triv^^ and a resulting element A = A^j'^ z~^)o<i<p G 

through a trivialization £ = O”, we write 

(f,V) ~ A. 

1.5. Moduli spaces of connections and qniver varieties. We shall give 
a realization of the moduli space 5[)1(B) as a quiver variety. Let us suppose 
that , bX are written by 

= diag U;\z-^)Iji) + R^;^z-\ ( 7 ^ 

V 1 m(') / 

and choose complex numbers so that 


for i = 0,... ,p and j = 1,, m^. Set 

ki := -max^-^i^ ,„(i){ord(y (z"^))} 
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for each i = 0,... ,p. Set 

hrr := {i G {0,... ,p} I > 1} U {0} 


and 


-freg •— {0, . . . ,p}\/in-. 

If = 1, then all coefficients of z~^ for j > 1 in are scalar matri¬ 
ces. Thus there exists a gauge transformation X G GL(n,C(x)) such that 
= prj,gg(i?W) 2 ;“^ and for j ^ i. Therefore we may 

assume /cj = 1 if = 1. Under these gauge transformations, we may say 
that lirr consists of a* with /cj > 1, so called irregular singular points and 
oo, and /reg consists of ai with /c* = 1, so called regular singular points other 
than oo. 

Then let us define a quiver Q as follows. Set 


Qif' := 


QS* := 



i G /irrj 

j = 1,, ru-W 

i = 0,...,p, 

J = 1,... ,mW 
k 1 ,..., 



Then the set of vertices of Q is the disjoint union 


Qo := Qr U Qjf®. 


Also set 




j = I ,... 

i G Arr\{0}) 

f = 

1 < J < / < rn^'^\ 
l<k < di{j,j') 

j = 

h 2,..., ejjjj 1 J 

Ql^eg( 1] [i,j] I j = 1, . . . , 

' := {/^lo : [h 1,1] ^ [0,i] I i G Aeg, j = 1,..., nrS^'^ 


^ := \ ■ [hB k] [i, J, A: - 1] 


Qf 


Here di{j,j') := degc[^](gj*^(^) - q^p{z)) - 2. 

Then the set of arrows of Q is the disjoint union 





'i^Ireg 



Example 1.20. Let us consider the following B = 


15 



Here any distinct two of {o!'j \ } stand for distinct complex num¬ 
bers and \i k ^ k'. 

Then we can associate the following quiver to this B. 



[2,1,3] [2,1,2] [2,1,1] 

Let a = {oia)a&QQ £ be the vector, 

k 

"[hi] •= ”i*^ a[jj'fc] := rank 

1=1 
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Also define A = (Aa)aeQo ^ by 


1 

II 


for i G /irr\{0}, j = 1,..., mb 


for y = 1,..., 

i^Ireg 


\ _ Aid] Aid] 

• Sfc ?fc+l 

for * = J = !>• • • 

k 1) ■ ■ ■ ) 

Also define a sublattice of 


f 


77^(^) 'j 

T = < /3 G Z^o 

Yod] 

= ^ Yid] i G /irr\{0} > . 

1 

1=1 

a=l J 


Set £+ = /:n(z>ofo. 


1.5.1. 911(B) and a quiver variety. Now we shall give an identification of 
911(B) with a subspace of the quiver variety 911^(0, a). Before seeing this, 
we introduce H-irreducible representations in /i“^(A) which are defined by a 
weaker condition than the irreducibility. 

Definition 1.21 (£-irreducible). If a: € //“^(A) has no nontrivial proper 
subrepresentation {0} / y ^ a: in /i“^(A) with dimy G C, then x is said to 
be C-irreducible. 

Then we have the following bijection from 911(B) onto a subset of the 
quiver variety 911^(0,0). 

Theorem 1.22. There exists a bijection 

$b: 911(B) ^91tA(Q,a)'^*^ 


where 



X is C-irreducible, 

X G y~^(A) 



l<j'<md) 


For a meromorphic connection (£^, V) G 911(B) we sometimes write 

(f,V) G91lA(Q,a)^‘f 

under the above identification. 

Let us recall the construction of the above <I>b which is first obtained 
by Crawley-Boevey in [6] when feo = • • • = fcp = 1, by Boalch in [3] when 
/co = 3 and /ci = ••• = /cp = 1, by Yamakawa and the author in m when 
ko > 1 and ki = ■ ■ ■ = kp = 1 and finally by the author in m for general 
fco,...,fcpG (Z>o)?>+b 
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First we decompose truncated orbits as follows. Set 

r ki-i \ 

Gl := ] 4 + QiZ^ € GL(n,CIzlA'=“C[zl) \ , 

{0%r := AdiGDi^) C M(n,C((z))/CH), 


H, ; = 


;= |diag(/ii,.. .,h^(i)) hj E GL(n^*^), j = 1,... ,mW| . 

itru 


for 7 = 0,... ,p. Then we can decompose as follows. 

Proposition 1.23 (see Lemma 2.4 in [2] and Proposition 3.1 in [E]). For 
each i = 0,... ,p, we have the bijection 


GL(n,C) x^u) AdH,(Olj7u)° 

(9, A) 


/ntru 

gAg ^ 


Here ■= h-^ \heH,} and GL{n,C)x '= 

^GL(n,C) X (Og(())°^ / ^ by the identification {g,A) ~ {gh~^,hAh~^) for 
h E LfW. 


Thus it suffices to investigate the structure of 

Fix i E lirr and write + • • • + Let 0^®! 

the decomposition of C” as simultaneous eigen-spaces of • • • > 

for s = 1,..., fej — 1. 

Define surjections TTj: := {l,...,mi*^} ^ Js+i ■— {1; • • • > so 

that V(^s,t) C V{s+i,,rs(t)) • Fix a total ordering ^ of Ji = {1 ^ 2 ^ • • • ^ 

Then inductively define total orderings on Jg, s = 2,... ,ki — 1 so that 

if ti ^ t 2 , then 7rs(ti) ^ vrs(t 2 ), ^ 1,^2 € Jg- 

(i) 

According to the ordering on each , s = 1,... ,ki — 1, let us define 
parabolic subalgebras of M (n, C) as below, 

© Homc(LT)'G,l))- 

tl>t2 

tlXt2 

and similarly nilpotent subalgebras 

(..«)+:= © Homc(L;L.r/;L). 

tiyt2 

(»(•')-:= © Homc(r/;L,V-/;L), 

il ■,i2^Js ^ ) 
tl^t2 
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for s = 1,..., /cj — 1. Then let us define subsets of 


(ki-l 

K ■= E e Gl 

K s=o 

< ■■= {E G,z‘e Gl 

I s=0 


Ps G (pi*ji)=^,s = 0,...,fci-l 


Us G (u^+i)"^, S = 0 ,..., /Ci - 1 > . 


Also define 


fki-l 

■= E G.z- 


K s=l 
f ki-l 


u, € (ill'll)*, s = 0,..., fe - 1 I, 


(“b* '= E 


K s=l 


Us G (u^+i)^, s = 0,..., fcj - 1 > . 


Here we put := M{n,C) and := {0}. 

Then we have the following decomposition of G^.. 

Proposition 1.24 (Lemma 3.5 in [E]). Take i G lim- For any g E G^., 
there uniquely exist U- E W^, and p+ E such that g = . 

For A E take g E G^. so that g~^Ag = BU> and decompose 

g = U-P+ as above. Define 

(1) Q:=u--In, P := 

Notice that we can show that these P and Q are independent of the choice 
of g. Conversely Theorem 3.6 in m tells us that A — prj,gg(A) is uniquely 
determined by these P and Q. 

Now we are ready to define the map <hB- Take A = {A^'^\z))o<i<p E 
fUI(B) and define x = <hB(A) as follows. As we saw in Proposition 11.231 
choose gi E GL(n,C) and A^^\z) E so that giA^'^'> {z)g~^ = A^'^'>{z) 

for i E /irr- Then define 


for pff E 


for. p i E T- 


X \o,j] := {Pi )[i,j'U0,j], 

x^^[o,j]y ■= (giA^ )[o,i],[j,i']’ 

'^i3 


Here := prj.es(A(*)(z)) and ,j'\ denotes Homc(F^i j,), com¬ 

ponent of A E M{n,C). Furthermore, P^*) = 

are defined from A^^^z) by the above equations ([I]). 
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Also define 


: Imll ( ^ n ( 

1=1^ ^ ' 1=1 ^ 


k-l 


„(0 


^(pyi,jMr ■= ( 


-[*j] 




for i = 0,... ,p, j = 1,..., and k = 2,..., ejj— 1. Here Ajj denote 
Endc(V’^^]*j^)-components of A for j = 1,... ,m^^\ For i G Ii„ and j = 

1,..., mW, 




■ihj] 


For i G Aeg and j = 1,..., , 

X ,,M1 : Im - d"'’/ «) C" projection along ^ (0) 

^[ 0 , 1 ] V ^ ^ < J r^^a^rnio) ,,(o) ikj 

— ( li(d e[*)l] T 


Ad 


J)’ 


^*=1 Ai,o 


ao) ■ 

(ia> 

1.5.2. Open embedding o/5Jl(B) into a quiver variety. Now we notice that 

iOTA(Q,a)'^'V93T5:^®(Q,a) 

in general, since the /1-irreducibility is weaker than the ordinary irreducibil- 
ity. Thus it seems to be possible that 91T(B) = 91T;s,(Q, has singularities. 

To consider this problem, we introduce an operation on 9J1(B) called 
addition. 

Definition 1.25 (addition). For a collection of complex numbers 

v = (i;i,...,i;p) gC^, 

the addition translates a differential equation 


d 


P ki 


A® 


,/ = 1E E (73^ + E 1 y c <w(B) 

1=1 v=l ^ 2 <v<kQ 


to 


x>'=|EE 


P ki 


A« 


dz 


+ 


Vilrt 


+ ^ j y g 33^(3 ^ 

2<u<kQ 


\ 

2 = 1 Z/=l \ ^ ' 

Here B + v := (H* + Uj/na“^)j=o,...,p with vq := - Yll=i 
Thus for V G the addition defines the bijection 


Addv: 9JiA(Q,a)'^“ ^ 91TA+v(Q,a) 


dif 
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where v = (fa)aeQo defined as follows, 

V[ij] := Vi for all [i,j] G Qg^' and i G /irr\{0}, 

^[Oj] := 't'o + Vk for all j = 1,..., 

k^Ireg 

V[i,j,k] ■= 0 for all [i,j, k] G Qg®. 

Then we can find a nice v such that Addv sends 9JIa(Q) into the 
quiver variety a). 

Theorem 1.26. Let Tlx{Q, be as above. Then there exists v G 
such that 

fmA+v(Q,«)"*^ = 



X is irreducible, 'j 

X G y~^{X + v) 

l<i<m(0) ^ ^ I^rr\{0} | 


l<T<mW J 


Proof. Lemma 5.9 in m shows that there exists v G such that A' = A+v 
satisfies the following. If /3 G (Z>g)^° satisfies that P < a, i.e., Pa < «a for 
all a G Qo, and A' • /3 = 0, then /3 G £. Thus any subrepresentation y of 
X G 911a'(Q, a) satisfies that dimy G £, that is, the C- irreducibility implies 
the irreducibility. □ 

Thus we have an open embedding of 9Jt(B) into the regular part of a 
quiver variety. 

Theorem 1.27. Let us take B = (B^*i)g<j<p, a collection of HTL normal 
forms, the quiver Q, a G (Z>g)^° and A G as above. Then there exists 
V G and an injection 

such that 


$(9JI(B)) = 

l<T<mO) 

In particular if lirr = {0}, then v = 0 and is bijective. 

Corollary 1.28. //9Jt(B) 7 ^ 0, then it can be seen as a connected symplectic 
complex manifold of dimension 2p{a.). 

Proof. If 9JI(B) / 0, then a) / 0 and thus (Q, a) / 0 with 

V G chosen as in the previous theorem. Thus by Theorems II. 161 and II. 171 
it suffices to check the connectedness. 

Theorem II. 171 savs that y“^(A + v) is an irreducible variety. Let us recall 
that 

y~^{X + v)®*®" := {x G y~^{X + v) I X is stable under G} 
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is an open snbset of /x ^(A + v) (see Proposition 5.15 in [26] for instance). 
Since + v)®*®' = /x“^(A + 

+ := 


xG/x-1(A + v)''''' 

det ( X [o,j] j .gj ^ 0,i G Lirr\{0} . 

1 



is also an open subset of /U~^(A + v). Since open subsets of an irreducible 
topological space are connected, /x~^(A + is connected. Moreover 

^a+v(Q’ is the image of the continuous projection from /x“^(A + 
thus it is connected not only as an algebraic variety but also as an analytic 
space by GAGA. □ 


1.5.3. Non-emptiness o/501(B). We close this subsection by giving a nec¬ 
essary and sufficient condition for 91t(B) ^ 0. Define a set consists of 
[3 G £'*“ satisfying 

(1) /? is a positive root of Q and /3 • A = 0, 

(2) for any decomposition /3 = /3i + • • • + /3r where /?, € are positive 
roots of Q satisfying /3j • A = 0, we have 

p(/3) > p(/3i) + ■■■ + p(/3r). 


Theorem 1.29 (Non-emptiness of moduli spaces. Theorem 0.9 in |13]1. 
The moduli space 501(B) ^ 9 if and only if a G 


Let us recall the spectral type of B defined by the above a. Gonsider the 
inductive limit 


:= limZ'^ 

defined by inclusions : Z* 3 (oi,...,aj) i-)- (ai,..., a*, 0) G for 

i = l,2,.... 


Definition 1.30 (spectral type and index of rigidity). The spectral type of 
B is the pair 

m„, [di{j,j')) *=o,...,p 

V / 

where = (|(m[ij- 1 ],..., m[ij,e[ij]])) o<i<p ^ 0(Lo 0^^ Z°° which sat- 
ishes 2^k=i = ■■■ = Li=i Lfc=i is defined by 




where 




Oi[0,k] 


and cx[ij,e[ij]] ~ Sometimes we write m„ : 
The index of rigidity of me is defined by 


if i € /irrj 
if X G Aeg 

{vcioL, di{j,j')) for short. 


idxm := 2q{a). 
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Here we note that we do not distinguish rriQ, and 

• • • > ”^[o-(*):«(i)-he[<T(i).sO)l)l^) 0<*<P, ’ 

{da{i){s{j),s{j'))) i=0,...,p 

for any permutations cr G Sp+i, s G 6^(i) and t G Sgj. for i = 0,... ,p, 
j = 

For convenience we introduce the following notation for m. The each 
number di{j,j') + 1 is expressed by the number of parentheses ( ) between 
the sequences rujjj ij, ■ • • and rnjjj/q, mjj j/ 2 ], • • •• For instance, if 

then we can see the double parenthesis )) (( between rn[ijq] ■ ■ ■, and ... 

This means di{j,j') = 1. Let us see an example. Consider the case where 
p = l, = (2,3), (e[o,i], e[o, 2 ], e[i,i], e[i, 2 ]T[i, 3 ]) = (1> 2,1,1, 2) and 

(do(l,2),di(l,2),di(2,3),di(l,3)) = (0,0,1,1). 

Then m = ])) o<i<p is written by 

i<j<ki 

("i[0,l,l])("i[0,2,l]"l[0,2,2]), (("i[l,l,l])("l[l,2,l]))(("i[l,3,l]"i[l,3,2]))- 

1.6. Integrable deformation. Let us introduce integrable admissible de¬ 
formations of connections following Boalch [2] and Yamakawa [111- 

Let T be a contractible complex manifold and Oj: T ^ xT, z = 0,... ,p, 
holomorphic sections of the fiber bundle tt: x T ^ T. Moreover assume 

that 

Oi(t) / aj{t) if i / j 

in each fiber P| := P^ x {t}. Let us consider a moduli space 91t(B) and 
the corresponding quiver variety 911 a(Q) We further impose the non¬ 

resonance condition, 

\ij,k] 0 2;\{0} for all [i,j,k] G Qq^. 

Definition 1.31 (admissble deformation). Let V be an n-dimensional C- 
vector space and set £ = Opi (8)c V- Fix a point to £ "F and (£’,V) G 
S[R(B) / 0. Then a family ( {£t = Opi 0c V, Vj) ) is called an admissible 
deformation of {£,S/) if 

( 1 ) {£t„Vt,) = {£,V), 

(2) {£t,Vt) G fOTA(Q,a)'i‘^ for all t G T, 

(3) the mapping V 9 1 1 -^ (Tt, Vt) G 91tA(Qja)^'^ is analytic. 

In this case we call (Vi)tgf the admissible deformation with the spectral data 
(Q,a, A). 

The dimension of the admissible deformation is dim(91tA(Q)«)) = 2p{a). 

Definition 1.32 (integrable deformation). Let ((£" 4 , Vt))jg.j. be an admissi¬ 
ble deformation of (T,V) G 911(B). If there exists a flat meromorphic con¬ 
nection V on OpixA C with poles on Ur=o®*(^) such that V|pi = Vj, 
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then we call the family {{£t, integrable admissible deformation of 

(f”, V). In this case such V is called a flat extension of iflJflteJ- 


2. Middle convolutions, Weyl groups and integrable 

DEFORMATIONS 


In the previous section, we saw that moduli spaces of stable meromorphic 
connections are realized as quiver varieties on which integrable admissible 
deformations of connections are defined. As it is known, quiver varieties has 
Weyl group symmetries generated by reflection functors (see [7] and 128]). 
Similarly on the moduli space side, we also have the symmetries generated by 
middle convolutions. In this section, we see the relationship between middle 
convolutions and Weyl group of quivers and give a classification of their 
symmetries in certain lower dimensional cases. And we see the symmetries 
of integrable deformations as an application. 


2.1. A review of middle convolutions. Let us give a review of middle 
convolutions on differential equations with irregular singular points. The 
middle convolution is originally defined by Katz in |19] and reformulated 
as an operation on Fuchsian systems by Dettweiler-Reiter [9j, see also [8] 
and Volklein’s paper m- There are several studies to generalize the mid¬ 
dle convolution to non-Fuchsian differential equations, see [T] . [20] . [35] . [iO] 
for example. Among them we shall give a review of middle convolutions 
following [3D|. 

Let us take (T, V) € 501(B). Choose a trivialization £ = O” and write 


v = ^- EE 


P ki ^{i) 




^ ^ I dz. 


2<u<ko 


Set 


ki 


A = (^A«W^)o<*<pGn^B« 

j=l i=0 

where := — X)i=i Then we may regard 

fm(B) = 


j=l i=0 


A is irreducible , 

EL„T’ = o 


GL(n,C). 


Let us construct a 5-tuple (K, IT, T, Q, P) consisting of C-vector spaces V, 
W and T e Endc(IT), Q G Homc(IT,T), P G Homc(T,IT). Set T = 
and Wi = for i = 0,... ,p. Then define 

4 := (a[?\a« i,...,A«) G Homc(W„T), 


G Endc(W). 



( ° ^ 


/O Idy 

0 \ 

h : = 

0 

£ RomciV, Wi), Ni := 

0 ■ 

. Idy 


[idv) 


Vo 

0 / 
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Setting^!? := ? ■■=JNi)o<^<p e ©^oEndcW) C Endc(tE), 

Q ■= {Qi)o<i<p G ©r=oHomc(Wi, V) = Homc(VE, V) and P := {Pi)o<i<p € 
0f^o Homc(E, Wi) = Homc(E, W), we have a 5-tuple (E, W, f, Q, P). Fur¬ 
ther setting 


^4^ 

A/j 


Ai := 




A 


(d 


V 0 




A 


(d 


fci— 1 

/ 


G Endc(tE), 


we define Wi := Wj/KerAj and IE := 0f=o^*- Then T,Q,P are the maps 
induced from T, Q, P respectively. 


Definition 2.1. The 5-tuple {V, W,T,Q, P) given above is called the canon¬ 
ical datum for A G 

Fix f G {0,... ,p}, take a polynomial qtiz~^) = 4 ^ z~^C[z~^] 

and define an operation, called addition which already appeared in some 
special cases before. For an element A = (Aj(z“^))o<i<p G nf=o^B(*)> 
dehne Add^*|^_i)(A) := {A[{z-^))o<i<p by 

:= 


Ai{z if i / t, 

At{z~^) - qtiz~^) a i = t. 


Then Add^*^ a ^ ttp 




(x-i)(^) ^ Ui=o^iB')(i) where 


{B 


'\{i) — 


i?d) if i / t, 

ifz = t. 


Set 

and 


Ji '■= {[bj] I j = 1,- • • for i = 0,... ,p 

V 

j = Wji. 


i=0 


Then let us define 


Addi := Yl Add 


i=0 


(d 


for i = {[i,ji])o<i<p G J- 

Suppose that we can choose i G JT” so that := 4^'^ P d- Tet 

{V,W,T,Q, P) be the canonical datum of Addi(A). Following Example 3 
in [lO], we construct a new 5-tuple {V',W,T,Q', P') as follows. Note that 
QP = —^ild^/. Thus Q and P are surjective and injective respectively. Let 
us set V = Coker P and Q': W ^ V, the natural projection. Then we 
have the split exact sequence 
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Note that (— ^Q)P = Idy. Let P' ■. V' ^ W he the injection such that 
= Idy,. Then we have a 5-tuple {V, W, T, Q', P'). 

Next we set Q[ (resp. P/) to be the Homc(VFi,y) (resp. Homc(V^, hFj)) 
component of Q' (resp. P'). Also set Ni to be the Endc(lTi)-component of 
T. Define 

(A')f := 

and A' = (A((z“^))o<i<p where A[{z~^) = We note that 

Ei.„(.4')S'’ = Q-P' = 

Finally let us set 

A" := Addri o Add® _i(A'). 

Then A" = (A''(z“^))o<i<p satisfies that X]f=o PLes = 0. Let us 

denote A" by mci(A) and call the operator mci the middle convolution at i. 
Let us recall basic properties of middle convolutions. 

Proposition 2.2 (see Yamakawa 00 ]). Let us take A = {Ai{x ^))o<i<p G 
satisfying X]f=oP^res~ 'Suppose we can choose i G 
so that / 0. 

(1) //A is irreducible, then mci(A) is irreducible. 

(2) If A is irreducible, 


mci o mci(A) .A., 

i.e., there exists g G GL(n,C) such that mci o mci(A) = gAg~^ := 
{gAi{z-^)g-^)o<i<p. 

(3) Let us define elements in M((n')j*\c) by 

(Rf + {di{j,ji) + 2)fil^ ifi^O, 

(E'r •= < 

P ■ [Pf PdoUJoW^io) ifi = 0 

for all i G {0, ...,p} and j G {1,..., mW}\{ji}. Here we put 
(n')^*^ := Further define G M((n')j*\c) for i = 1,... ,p 

so that equations 


rank((P')5? -^i) 


?/\0) 


(0 


k=2 


k=l 

n(0) 


hold for all I = 2,... Similarly define G ,C) 

so that equations 


rank((P')5o^ +26) n((^')5o^ -+ 6) = rank 


k=2 


k=l 


hold for all I = 2,, ejgjg]. 
Here we put 


(n')j*^ := + dimcVL — 2n. 
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Finally define 


: = 


diag ( gP(x + {R'fi’x \ ..., (x 

fori = 0,...,p. Then mci(A) G OLo ' 




-,(i) 


''^(d ^-1 


Remark 2.3. Let us note that the description of A" = mci(A) depends 
on the choice of the coordinate systems of Wi and V' in the canonical data. 
Thus mci dehnes the following well-defined bijection 


me;: iOT(B) —^ im(B') 

where B' = ((B')W)o<j<p. 


2.2. Middle convolutions on representations of a quiver. For a vertex 
with no edge-loop in Qo, it is known that there exists a bijection 


Sa: Mx{Q,a) Sa{a)) 

if A / 0, so-called reflection functor see [7] and [28]. In this section, we shall 
define an analogy of the reflection functors for the subspace OJIaCQ) C 
fUlA(Q,a) by using middle convolutions. We notice that a reflection functor 
does not necessarily preserve the subset 9JtA(Q, namely it may happen 
that 

s, (mx{Q,af'^) ^ mr^^x){Q,Sa{a)f'' 

for some a € Qo- However as we saw in Remark 12.31 a middle convolution 
mci can be seen as a transformation of moduli spaces fUl(B) = 9JtA(Q, 

Thus it can be seen as a transformation of quiver varieties 9 JTa(Q, as 
below. 

For i = {[i, ji])o<i<p G c7, let us define e\ G Z^° by 


(ei)a 


1 if a = i G lirr, 
0 otherwise. 


We note that e\ for i G JL are positive real roots of Q. Let us define 

'Si(^) ■■= fl- (^,ei)ei 

for i G c7 and fl G . Also define rfip) for /x G by 




T[i,j] if [bj] 7^ [0,Jo], 

F[o,jo\~‘^Fi if [bj] = [0,jo], 


if [bJ, fe] ^ [bii, 
if [b 

Then Proposition 12.21 tells us the following. 


\T[i,jui]+hi if [bJ,Kj = 


1], 

!]• 


Theorem 2.4. Let us consider 971(B) 0 and the corresponding quiver 

variety 971^(0,0)*^ under the bijection in Theorem \1.2‘A Suppose that we 
can take i = {[i,ji\) ^ J so that Ai ;= ~ 7^ *-*• Then there 

exists a bijection 

Si: 971 a(Q, a)'"*/ ^ 371 ,^(a')(Q, 
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Proof. We retain the notation in ProDosition l2.2l and put B' = )o<i<p. 

This theorem directly follows from Proposition 12.21 if we define the above 
map by d>B' o niCi o where ‘he and <1 >b' are in Theorem 11.221 □ 


Remark 2.5. For each [i,j, A;] G Qq®, the ordinary reflection functor of 
quiver varieties gives a bijection 

Let us define an analogue of fundamental set of the root lattice , 


F 


/3 G £+\{0} 


(/3, Ea) < 0 for all a G IL U Qg ® 
support of j3 is connected 


called C-fundamental set. Then we can see that F can be seen as a funda¬ 
mental domain under the action of the group 

:= (si, [hpk] G Q|f®) . 


Theorem 2.6. For 9JtA(Q,a)*'^ / 0, there exists w G such that 

w{mx{Q,aY^f) =TlyiQ,aY^^ 

with 

f a' G F if q{a) < 0, 

[ a' = Ci for some i G otherwise. 

Proof. See Lemma 7.2, Theorem 7.9 and Theorem 7.10 in [TB]. □ 


We introduce a condition for A which will be used in the latter section. 


Definition 2.7. For 91 Ta(Q, / 0, we say A is fractional if 

•= Yii] ^ ^ 




for all i G 77 and A' G {r(A) | r G I [b J, k] G Qg®)}. 

Moreover if there exists a sequence ai,a 2 ,... ,ai G 77 U Qg® such that 

o rai (A) are fractional 


for all A; = and w = SaiSai_.^ • • • si where w G VF™'^ is chosen as in 

Theorem 12.61 then we say that A has a fractional reduction. 


Remark 2.8. Let B = be a collection of HTL normal forms 


= diag ( q^^\z ^)I o) -h z \ ..., 


( 0.^-1 




?(*) .v-i 


Ai) 


such that 9JT(B) / 0. Then A of 911(B) = 911 a(Q, a)is fractional if and 
only if ^ ^ where is an arbitrary eigenvalue of prj.gg(i3(*i) for each 

i = 0,... ,p. 
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2.3. The lattice £ as a Kac-Moody root lattice. As we saw in Theorem 
11.291 if 9Jl(B) = 9JIa(Q) / 0) then a must be in £ n A where A is the 
set of roots in . This inclines us to see £ H A as an analogy of the set of 
roots of the lattice £ which may not be a true Kac-Moody root lattice. 


Definition 2.9 (symmetric Kac-Moody root lattice). We call a Z-lattice 
h' := 0 ie/ Zoj with a finite index set 1 a symmetric Kac-Moody root lattice, 
when L has the following bilinear form 

{ai,ai) = 2 {i€l), 

{oi, aj) = {aj,ai) €Z<o {i,j ^ I, i^j)- 

For each Oj, (z G I) which is called a simple root, we can define the simple 
reflection by 

Saflfl) ■■= fl - {ld,ai)ai 

for fl £ L. The Weyl group W G Autz(£) is the group generated by all 
simple reflections Sc^, i £ I- 

We can attach L to a diagram, called the Dynkin diagram, regarding 
simple roots as vertices and connecting Oj, Oj by \{ai,aj)\ edges if z 7 ^ j. 


Notions of real roots, fundamental set and imaginary roots and so on are 
also defined in the same way as we saw in 111.3.31 Then for our quiver Q, 
the ZQo is a symmetric Kac-Moody root lattice. 

It can be checked that £ is generated by {ca | a G ^7 U Qg®} over Z and 
p^mc _ I Q, g j- y acts on £. This may lead us to believe that £ 
can be seen as a root lattice with the set of simple roots {e^ | a G U Qg 
and the Weyl group However elements in {ca | a G ^7 U Qg®} are not 

independent over Z in general. Thus we shall introduce a new lattice £ of 
which £ can be seen as a quotient. Let us note that 


( 2 ) 

(3) 

(4) 


0<2<p 
3i ¥^3i 

-1 if j = ji and k = l. 






0 otherwise, 

2 '\i[i,j,k] = [i',j',k'], 

— I if {i,j) = {i',j') and \k — k'\ 

0 otherwise 


= L 


for i,i' G c7 and [i,j,k], [i',j',k'] £ Qg®. Thus we consider a new lattice £ 
generated by the set of indeterminate 

C = {cj a G J U , 


and define a symmetric bilinear form (, ) on £ in accordance with equations 
(121) ) dS]) and dH) . Then £ becomes a symmetric Kac-Moody root lattice and 
we have a projection 

S: £ ^£ 
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where for 7 = X^^gcTcC G A the image ^( 7 ) = (/3a)aeQo is given by 

{i=([*>h])e>7|ji=i} 

Proposition 2.10 (Theorem 3.6 in [l2]). iTe have the following. 


( 1 ) 

The 

[I] 

is an 

isometry, 

that is, ( 7 , 7 ') = (H( 7 ),Z 

:( 7 ')) for any 



G C. 





( 2 ) 

The 

[I] 

is injective if and only if 





G {0,. 

. . ,p} 1 777^ 

')> 1 , f = 0 ,...,p}<l. 


(3) 

The 

[I] 

is -equivariant, that is, for 7 G £ and 

aG 


we have 

S(Sa(7)) = 'Sa(S(7)). 

This proposition tells us that £ is a “lift” of £ to a Kac-Moody root 
lattice with the Weyl group 

The kernel of H is a big space in general. Thus if we consider the inverse 
image of an element /3 € £, it is convenient to restrict H to some smaller space 
as follows. Fix /3 G £ and set Jp := G J \ 0 for all i G /m} 

and (Qq®)^ := Qq® fl supp(/3). Then dehne 

:=A3U(Q[rA/3 

and a sublattice and subgroup 

Cp := ^ Zca, 

{aG(JUQ‘"");3} 

:= (sa|aG(AUQ;fS)A. 

Denote the set of all positive elements in Cp by We write the restriction 
of H on Cp by r.p. 

2.3.1. Finiteness of spectral types. As we saw in Theorem 12.61 quiver vari¬ 
eties 501 a (Q) with a € F are fundamental elements under the action 
of We shall see that a kind of hniteness of the set F. First let us 

introduce the shape of /3 G £. 

Definition 2.11 (shape). Fix a Kac-Moody root lattice L = and 

a = Yli£i G L. For the Dynkin diagram of the support of a, we attach 
each coefficient m, of a to the vertex corresponding to Oj, then we obtain 
the diagram with the coefficients, which we call the shape of a. 

For example, if a = mioq -|- 7 ^ 20*2 + G L with the diagram of the 

772-1 ^2 ITT'S 

support O—O—O ) the diagram with coefficients is O—O—O • 

^21 ^22 ^23 ^21 0^22 ^23 

By using this we define shapes of elements in C as follows. 


Definition 2.12. For fi ^ C, the shape of /3 is the set of shapes of elements 
in C Cp. 
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Example 2.13. For example, suppose p = 1, = 2, ejjjj = 

1 (i = 0, 1 and j = 1, 2), do{l, 2) = di(l, 2) = 0. Consider fj = ejopj + e[o^2] + 
£[1,1] + £[1,2] • Then the shape of /3 is 



(a G Z), 


where we simply denote {xa | a G Z} by Xq (o G Z). 

Suppose p = 0, = 4, do{i,j) = 1 for 1 < i < j < 4 and eo,j/ = 1 for 

1 < u < 4. If mo,j,i = 1 for 1 < j < 4, the shape of /3 = X]y=i £[o,i/] is 


1 

1 



1 

1 


We say that /3 G Z>g is reduced if it never happens that there exists 
z G {1,... ,p} such that #{j | / 0} = 1 and = 1 where ji G {j \ 

AiJ] ^ 0}- 

Remark 2.14. If 911(B) = 9JIa(Q, / 0, then we may assume a is 
reduced. For if there exists i G {1,... ,p} such that {ji} = {j \ ^ 0} 

and ejjj.] = I, then the HTL normal form i?h) [g ^ scalar matrix, i.e., 
B(*) = {z~^)In, b^^\z) G C[z]. Thus applying the singular 

point ai becomes regular. 


Let us consider the set of all nonempty moduli spaces 9JI(B). Set 


Ht(”) :=i(B,)G0M(n,C[wi]) 


all Bi are HTL normal forms 


Ht := y Hti^i. 

n=l 


Then define 

931 := {93t(B) / 0 | B G Ht}. 


Definition 2.15 (fundamental spectral type). Let m be a spectral type. 
We say that m is effective if there exists B G Ht such that 931(B) = 
93Ia(Q, 0 and m = m^. A spectral type m = m^ is said to be 

basic if a € F. Also we say that m is reduced if a is reduced. We say that 
m is fundamental if m is effective, basic and reduced. By the shape of m, 
we mean the shape of a. 


Then we can show the following finiteness of basic spectral types. 

Theorem 2.16 (Theorem 8 in [13]). Let us fix an integer q G 2Z<o. Then 
there exist only finite number of fundamental spectral types m satisfying 
idxm = q. 


Let us see the cases q = 0 and —2 for example. The first case is g = 0. 
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Theorem 2.17 (Theorem 9 in [H]). Shapes of fundamental spectral types 
m satisfying idxm = 0 are one of the following. 



((1)(1))((1)(1)) 


((1))((1)),11 (((1)))(((1))) (aez) 

((1))((1))((1)) (1)(1),(1)(1) 


We simply write sets {xa | a G Z} and {x} by Xa (a G Z) and x, respectively. 
For the first 4 star shaped graphs, corresponding spectral types are given in 
Remark \2.1S\ below. 


If 5 [Ra(Q, / 0 and a ^ F with q{a) = 0, then by the above list of 

shapes of a, we can check that a is invariant under i.e., w{a) = a for 

any w G Then 

for each a G U Qq ®)q; defines a iy™‘^-action on the parameter space 


fa ■ Ea6(j^uQ(fS)^ 


^ae(:7uQ[,"®)c. 

falX) 


see also Proposition 3.7 in m- Here if Aq = 0, i.e., Sa on OJIaCQ) is not 
well-defined, we formally set Sa = id and = id. By the above theorem, 
is isomorphic to one of the Weyl groups of the following types. 


p(l) jpW jpW nP) 


.4« X A<‘>. 


Remark 2.18. In the above list of shapes, we omit the spectral types 
for star-shaped diagrams. For these cases spectral types are obtained as 

^0,1 no,2 

follows. Consider a shape ^(*4) “ ni^i, 

\\ ll2,l ll2,2 

1 lip,2 

iii(i,j+i) nij Q) := Xy0<fe<p Hfe,! no snd := Xxf=o ^*4 

k^i 
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no- Then the shape corresponds to the following 5 types. 


"^(0,l)”^(0,2) • • • ) ''^(l,l)”^(l,2) • • • ) • • • ) ”^(p,l)"^(p,2) • • • ) 
m(o)no, (w-(0,2)"i(0,3) •••)••• (™'(p,2)"^(p,3) • • •)> 

> (”^(0,2)^-(0,3) •••)••• (”^(*-1,2) • • •)(”^(i+l,2) •••)•■•) 

■ ■ •))((m'(0,2)"l(0,3) •••)••• ("i(i-2,2) • • •)("i(i+l,2) ••■)■■■), 
(K))(("l(0,2)"r(0,3) •••)••• ("l(p,2)"r(p,3) ■ ■ •))• 

Next let us see the case q = —2. 


Theorem 2.19 (Theorem 10 in [2]). Shapes of fundamental speetral types 
m satisfying idxm = —2 are one of the following. 


a 1 — a 



((1))((1)),(1)(1) 
= 0 


a — 1 



IT*”’' = As 



2 — a 2 — a 1 


a a 


( 2 )( 2 ),( 2 )( 11 ) 

IT*™ = Ai X Ai X Ai 


(a € Z) 


a b 2 — a — b 

{a, b 

1 — a 1 — 6 a + 6—1 

(1)(1)(1),(2)(1) 

IT*™ = Ai X Ai X Ai 



a — 1 



21 3 — a 2 — a 


{a G Z) 

(2)(2),(1)(111) 
IT*™ = T)4 


1 


11 2 2 1 111 

G«) CXXD 



(((( 1 ))))(((( 1 )))) ((( 2 )))((( 11 ))) ((( 1 )( 1 )))((( 1 ))) ((( 1 )))((( 1 ))), 11 
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= (( 2 ))(( 2 ))(( 11 )) (( 11 ))(( 11 ))(( 1 )) 


(( 2 ))(( 11)),22 (( 11 ))(( 1)),111 

((2))((2)),211 ((11))((11)),31 

= yl2 X = A 4 


2 2 12 1 12 1 2 1 

1 2 2 

o^cW) 

(( 2 )( 2 ))(( 2 )( 11 )) (( 11 )( 11 ))(( 2 )( 1 )) (( 11 )( 1 ))(( 11 )( 1 )) (( 1 )( 111 ))(( 2 )( 2 )) 

(2)(2),22,211 (11)(11),22,31 ((11)(1)), 21, 111 (1)(111), 22,22 

(2)(11),22,22 (2)(1),111,111 = (2)(2),31,1111 

= As X 11^*™ = As IF*™ = D 5 




((1)(1))((1)(1)(1)) ((1))((1))((1)(1)) 
( 1 )( 1 ), 11 , 11,11 (( 1 ))(( 1 )), 11,11 
(1)(1)(1),21,21 lF*™ = AixAi 
IF*™ = (Ai)3 


Here we simply denote the sets {xa | a G Z} and {y} by Xa {a G Z) and 
y, respeetively. For the spectral types of the star shaped graphs, see Remark 
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\2.18[ Here for fundamental spectral types m = ma 

:= (5a I Sa{a) = a,a€{JU C 

Plain circles in the Dynkin diagrams correspond to simple roots Ca such that 
Sa{/3) = [3 and dotted circles correspond to Sa{l3) 7^ / 3 . 

As well as the case q = 0, in the case of q = —2, 9JtA(Q) 7^ 0 with 
a & F such that q{a) = —2 has a hh'"'"-action on the parameter space 

^a- CCa > Eae(^uQ[,"®)c. 

A I—)■ ra(A) 

2.4. Integrable deformations and middle convolutions. We shall dis¬ 
cuss symmetries of integrable deformations coming from symmetries of quiver 
varieties 9 JTa(Q,= 9Jt(B). When Q is a simply-laced quiver and Arr = 
{0}, Boalch gave a formulation of integrable deformations as Hamiltonian 
systems over quiver varieties and discuss their symmetries in [2]. The fol¬ 
lowing results might be seen as a generalization of his work. 

The theorem below connects the W™'^-action on 9JT(B) and on integrable 
deformations. The following theorem is obtained by Haraoka-Filipuk in m 
for Fuchsain cases, Boalch in [5] for simply-laced Q with Arr = {0} and 
Yamakawa in m for general Q. 

Theorem 2.20 (Yamakawa. Corollary 3.17 in [H]. cf. Haraoka-Filipuk [TO] 
and Boalch m)- Let (Vi)tgT be an admissible integrable deformation with 
the spectral data (Q,A, a) where a € Let us take A{t) € OEo 

such that A{t) ~ V* for t E T. Suppose that A is fractional. Then for each 
i E 77, there exists an admissible integrable deformation (VJ)tgT with the 
spectral data (Q, ri(A), Si(a)) such that VJ ~ mci(A(t)) for all t E T. 

Proof. See Corollary 3.17 and (ii) in Remark 3.18 in |4T]. □ 

Remark 2.21. In the above theorem, we only discussed middle convo¬ 
lutions. Similarly relations between Fourier-Laplace transformations and 
integrable deformations are also important and found in m, nn, m and 

m- 

Definition 2.22. We say that an admissible integral deformation (Vt)tgT 
with (Q, A, a) is fundamental when a E F n and a is reduced. 

Then Theorem 12.61 and Theorem 12.201 show the following. 

Theorem 2.23. Let (Vt)igT be an admissible integrable deformation with 
the spectral data (Q,A, a) where a E and q{a) < 0. Suppose that A 
is fractional and moreover has a fractional reduction. Then (Vt)tgT can be 
reduced to a fundamental admissible integral deformation by a finite iteration 
of middle convolutions and additions. 

For an admissible integrable deformation (Vt)tgT with a spectral data 
(Q,A, a), we call me the spectral type of (Vt)tgT and also A the spectral 
parameter. 

Theorem 2.24. Let us fix an integer d E 2Z>o There exists only finite spec¬ 
tral types of fundamental admissible integrable deformations of dimension d. 
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Proof. This directly follows from Theorems 12.161 and 12.201 □ 

We have the classification of spectral types of admissible deformations of 
dimension d = 2 and 4. 

Theorem 2.25. Spectral types of basic admissible integrahle deformations of 
dimension d = 2,4 are listed in Theorem \2.17\ (resp. Theorem A2.19\) for d = 
2 (resp. d = A). Moreover generic spectral parameters have W'^^-actions 
(resp. Winv-action) for d = 2 (resp. d = A). Here we say that a spectral 
parameter X € is generic when for any sequence ai,... ,ai ^ J U 
A' = o • • • o Tqj o (A) satisfies non-resonance condition. 

In Theorems 12.171 and 12.191 we saw the cases where several different spec¬ 
tral types correspond to a same shape. For example, 



(( 1 )( 1 ))(( 1 )( 1 )( 1 )) 

( 1 )( 1 ), 11 , 11,11 

( 1 )( 1 )( 1 ), 21,21 


Then we identify two spectral types of dimension 2 or 4 if they have the 
same shape. This identification might be justified by Boalch’s simply-laced 
isomonodromy theory [Ij. By Theorems 12.171 and l2.191 we can check that the 
identification happens only when the corresponding quiver Q in the spectral 
data (Q,A,a) is simply-laced and I\„ = {0}. Thus integrable deformations 
with spectral types of the same shape are isomorphic by Theorem 1.1 in [3] 
in the sense of the paper j3j. 

In [21] . Kawakami, Nakamura and Sakai considered isomonodromic de¬ 
formations of linear differential equations which obtained by the confluent 
process from Fuchsian differential equations with 4 accessory parameters 
classified by Oshima in m- And they gave explicit Hamiltonian equations 
of the isomonodromic deformations after Sakai’s computation in the Fuch¬ 
sian cases (see [33] )■ Then under the above identification of spectral types, 
Theorem 12.191 shows that the list spectral types appeared in their paper [21] 
is the complete list of fundamental spectral types of dimension 4. 


Theorem 2.26. Under the above identification of spectral types, if we ex¬ 
clude the spectral types corresponding to differential equations which have 
only 3 regular singular points and no other singularities, then the list of 
spectral types appeared in Section 1.3 o/ [21] is complete list of spectral types 
of integrable deformations of dimension 4- 

Proof. Compare the list of spectral types in [21] and the shapes listed in 
Theorem 12.191 □ 


Moreover Theorem 12.251 assures that integrable deformations considered 
in [21] have VF™''- symmetries listed in Theorem 12.191 
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